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Multi-armed Bandits

Regret of not 
knowing the 
benchmark



Average Regret: Not a Fair Metric

Ex-ante value

≈ 0
Ex-ante value

≈ 0
Ex-ante value

≈ 0
Ex-ante value

≈ μ*

Not fair for early patients, but average ex-ante value across T rounds can still be high



Same Average, Very Different Experience

Algorithm A — write off the early 
agents

Algorithm B — spread the exploration 
out

Identical average reward. Average regret cannot tell these apart 
-- need a performance measure that can 

-- a metric that is based on collective social welfare

Here v is the vector of per-round values.



Fairness by Design: Nash Social Welfare

NSW satisfy social-choice axioms:

• Pigou-Dalton inequality aversion
• Scale invariance, Pareto efficiency,
       Symmetry, independent of irrelevant 
       attributes



Whose Value, and When?

Each agent is handed a lottery: Algorithm’s history-dependent choice of arm and then noisy reward

Agent’s value = the value of that lottery, before it resolves:

Why not the realized reward?

• No algorithm controls the noise — scoring 
realizations measures luck, not policy.

• Realized rewards can be unbounded below, so a 
product of realized rewards doesn’t define welfare.

• A randomized rule is fair ex ante; ex post, somebody 
always loses the coin flip.

Why it never came up before

Arithmetic mean — the distinction is invisible:

Geometric mean — a choice has to be made:

Only the aggregator changes: arithmetic → geometric, over the same ex-ante values.



Nash Regret

(Regret Notions)

Same ex-ante values, same benchmark. Only the aggregator changes



What a Low Nash Regret Promises and What It Doesn’t

Fix the horizon T up front. The goal is to minimize Nash Regret:

Equivalently: keep the average log-shortfall small.

Consequence (Markov’s inequality): only a vanishing fraction of agents can be starved by any fixed factor.

Does NOT promise: that every agent gets the 
best arm. Impossible — you have to explore.

DOES promise: nobody is written off.

Uniform exploration is not unfair — every exploring 
agent faces the same lottery:
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UCB Algorithm for Bandits (Auer 2002)



Nash-UCB (Barman et al. 2023)

instead of Use 

Works for non-negative and bounded rewards only!!!

What happens when rewards are sub-Gaussian?

Nash Regret

Phase I:

Phase II:

Analysis via multiplicative-Chernoff bound:



We propose: Go back to UCB!!!

Revisiting Social Welfare in Bandits: UCB is (Nearly) All You Need. Dhruv Sarkar, Nishant Pandey, C. (AISTATS 2026).

Phase I:
some random 𝜏 number of rounds

Phase II:

Stopping
Rule:

For sub-Gaussian rewards 
with unit variance:

Phase II starts once confidence is strong enough: UCB then delivers Nash Regret

Ensures: 𝜏 ≈
𝑘 log 𝑇

(𝜇∗)2 
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Beyond NSW: P-Mean Welfare



Same Uniform exploration + UCB Works!!!

𝐶𝑝

P-mean regret bound*:𝑓 𝑝, 𝑘 ⋅

𝐶𝑝 =
1 if 𝑝 ≥ −1

𝑝2 if 𝑝 < −1
where

𝑓(𝑝, 𝑘) =
1 if 𝑝 ≥ 0

𝑘 𝑝 /2 if 𝑝 < 0
where

Minimal change 
in stopping rule

* Revisiting Social Welfare in Bandits: UCB is (Nearly) All You Need. Sarkar, Pandey, C. (AISTATS 2026).

No free lunch!

** Price of Fairness in Bandits: A Tight Minimax Characterization. Sarkar, Dutta, C. (arxiv preprint 2026, under review).

Minimax optimal scaling**: 𝑓(𝑝, 𝑘) =
1 if 𝑝 ≥ −1

𝑘
𝑝 −1

2  if 𝑝 < −1



Numerics

Nash regret comparison 
for sub-Gaussian rewards

P-mean regret comparison 
for sub-Gaussian rewards

* Revisiting Social Welfare in Bandits: UCB is (Nearly) All You Need. Sarkar, Pandey, C. (AISTATS 2026).
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Linear Bandits (Abbasi-Yadkori et al. 2011)



Nash Regret in Linear Bandits

Improved Algorithms for Nash Welfare in Linear Bandits. Dhruv Sarkar, Nishant Pandey, C. (ICML 2026).

Open problem: (for general sub-Gaussian rewards)

Our solution: Back to Lin-UCB

Sawarni, Pal, Barman (23): (only for positive rewards)

Phase I: D-optimal design
based uniform exploration

Phase II: Lin-UCB based 
controlled exploitation

Data-adaptive Phase I stopping rule



Future Directions

1. Non-linear structure in rewards (e.g., GLMs, kernels,…)

Our hypothesis: Take any optimistic (e.g., UCB style) average regret minimization 
algorithm 𝒜 for the given bandit problem and design:

1. A uniform arm exploration strategy in Phase I 

2. A stopping rule using per-round regret and LCB index of 𝒜 

2. Notion of Fairness with ex-post rewards, anytime valid confidence sets 
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